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Abstract: The main notions concerning umbilics and lines of principal curvature, traditionally studied on
surfaces in R3, are extended in this paper to surfaces immersed in R4. Departing from the classical second
fundamental form and the ellipse of curvature of the immersion of a surface into R4 here are studied in detail
the concepts of a) axiumbilic points, analogous to classical umbilics since at them the ellipse of curvature has
equal axes, and b) periodic lines of axial curvature, called here axial cycles, corresponding both to principal
and mean curvature cycles in the classical R3 case. To any immersed surface in R4 its axial configurations:
the principal configuration and the mean curvature configuration are associated. For surfaces in R3, the first
one reduces to the configuration by umbilics and principal lines, while the second one gives the configuration
by umbilics and integral foliations of the mean curvature line fields.
Also the notion of principal structural stability of immersions of surfaces into R3 is extended to that of axial
structural stability, for the case of surfaces in R4. Sufficient conditions for the axial structural stability are
provided in terms of axiumbilics, axial cycles and the asymptotic behavior of all the other lines of axial
curvature.
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1. Introduction
The curvature theory of surfaces immersed in R3 is among the deepest and most beautiful
achievements of Classical Differential Geometry. One of its best understood and acomplished
chapters involve the principal curvatures and their elementary symmetric functions: the mean
and gaussian curvatures [15]. Intimately associated to the principal curvatures are the principal
direction fields, their integral foliations and umbilic singularities. However, the initial steps
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towards the understanding of the global behavior of these geometric objects have been given
only recently. The survey [12] discusses these initial steps and gives a list of pertinent references,
from the very classical works, in the tradition of Euler, Monge and Darboux [15], to more recent
ones, motivated by the notions of structural stability and genericity, originated from differential
equations and dynamical systems, [11], and global analysis, [14]. The present paper is concerned
with the extension of these ideas to surfaces immersed in R4.
Landmarks of the curvature theory for surfaces in R4 are the works of Wong [16] and Little
[13], where a review of properties of the second fundamental form, the ellipse of curvature
(defined as the image of this form on unit tangent circles) and related geometric and singular
theoretic notions are presented. These authors give a list of pertinent references to original
sources previous to 1969, to which one must add that of Forsyth [5]. Further geometric properties
of surfaces in R4 have been pursued by Asperti [1] and Fomenko [4], among others.
The global generic structure of the axial principal and mean curvature lines, along which the
second fundamental form points in the direction of the large and the small axes of the ellipse of
curvature, is the object of study of this paper. A partial local attempt in this direction has been
made in the recent paper [8], where the structure around the generic axiumbilic points (for which
the ellipse is a circle) is established for surfaces smoothly immersed inR4. See Fig. 1, Section 4,
for an illustration of the three generic types: E3, E4, E5, established in [8]. An independent proof
for these local axial configurations, which holds also for class C4, will be given here. These
points must regarded as the analogous to the Darbouxian umbilics: D1, D2, D3, [3, 10, 11]. In
both cases, the subindices refer to the number of separatrices approaching the singularity.
It seems that, previous to the present work, the only attempt of globalization involving lines
of axial curvature in R4, in the tradition of differential equations and integral foliations [11], is
that of [9], for the particular case of minimal surfaces.
For an immersion α of a surface M2 into R4, the axiumbilic singularities Uα and the lines of
axial curvature are assembled into two axial configurations: the principal axial configuration
Pα = {Uα,Xα} and the mean axial configuration Qα = {Uα,Yα}.
Here, Pα= {Uα,Xα} is defined by the axiumbilics Uα and the field of orthogonal tangent
lines Xα, on M\Uα, on which the immersion is curved along the large axis of the curvature
ellipse. The reason for the name given to this object is that for surfaces in R3, Pα reduces
to the classical principal configuration defined by the two principal curvature direction fields
{Xα1,Xα2}, [10, 11]. Also, in Qα = {Uα,Yα}, Yα is the field of orthogonal tangent lines on M\Uα,
on which the immersion is curved along the small axis of the curvature ellipse. For surfaces
in R3 the curvature ellipse reduces to a segment and the crossing Yα splits into the two mean
curvature line fields {Yα1,Yα2}. In this case Qα reduces to the mean configuration defined by
umbilic points and line fields along which the normal curvature is equal to the mean curvature.
These line fields agree with the asymptotic line fields for minimal surfaces. It seems, however,
that their global properties for general surfaces are explicitly studied for the first time here and
in [7].
In this work, the notion of principal structural stability of immersions of surfaces into R3 is
extended for the axial configurations of the case R4. Call Mk = Immk(M2,R4) the space of Ck
immersions of M2 into R4. An immersion α ∈Mk is said to be principal axial stable if it has a
Ck neighborhood V(α), such that for any β ∈ V(α) there exist a homeomorphism h : M2 → M2
mapping Uα onto Uβ and mapping the integral net of Xα onto that of Xβ . Analogous definition
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is given for mean axial stability.
Sufficient conditions are provided to extend to the present setting the Theorem on Structural
Stability for Principal Configurations due to Gutierrez and Sotomayor [11]. The local stability
around axiumbilics for smooth immersions, has been carried out in [8]. Two local cases are
essential for this extension: the axiumbilic points with their separatrix structure and the axial
cycles. Both are treated in detail here.
This paper is organized as follows:
Section 2 is devoted to the analysis of the differential equation of lines of axial curvature,
in an arbitrary local chart. It is shown that, for surfaces in R3, this equation factors into the
equations of principal and mean curvature lines. For isothermic charts, our analysis gives back
the equation studied in [8] and its validity is extended to class Ck , k > 4.
In Section 3 the equation of lines of axial curvature is writen in a Monge chart. The axiumbilic
condition is explicitly stated in terms of the coefficients of second order jet of the two functions
which represent the immersion in a Monge chart.
In Section 4 the condition of stability at axiumbilic points is expressed in invariant form
involving the third order jets. The local axial configurations at stable axiumbilics is established
for C4 immersions.
In Section 5 the derivative of first return map along an axial cycle is established. It consists of
an integral involving the geometric functions (curvatures, normal and geodesic torsions) along
the axial cycle. This expression extends that of R3 case given in [10, 11].
In Section 6 the results presented in Sections 4 and 5 are put together to provide sufficient
conditions for axial stability.
2. Differential equation for lines of axial curvature
Let α : M2 → R4 be a Cr , r > 4, immersion of a compact-oriented smooth surface M into
R4. This last space is oriented by a once for all fixed orientation and endowed with the euclidean
inner product 〈· , ·〉. Let N1 and N2 be a frame of vector fields orthonormal to α. Assume that
(u, v) is a positive chart and that {αu, αv, N1, N2} is a positive frame.
In a chart (u, v), the first fundamental form of α is given by
Iα = 〈Dα, Dα〉 = E du2 + 2F du dv + G dv2 with
E = 〈αu, αu〉, F = 〈αu, αv〉, G = 〈αv, αv〉.
The second fundamental form is given by
II α = II 1,αN1 + II 2,αN2,
where
II 1,α = 〈N1, D2α〉 = e1 du2 + 2 f1 du dv + g1 dv2 and
II 2,α = 〈N2, D2α〉 = e2 du2 + 2 f2 du dv + g2 dv2.
The normal curvature vector at a point p in a tangent direction v is given by
kn = kn(p, v) = II α(v, v)/Iα(v, v).
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Denote by T M2 the tangent bundle of M2 and by NM2 the normal bundle of α. The image
of the unitary circle of TpM2 by kn(p) : TpM2 → NpM2, being a quadratic map, is either an
ellipse, a point or a segment. In any case, to unify the notation, it will be refered to as the ellipse
of curvature of α and denoted by Eα.
The mean curvature vector H is defined by
H = h1 N1 + h2 N2 = Eg1 + e1G − 2 f1 F2(EG − F2) N1 +
Eg2 + e2G − 2 f2 F
2(EG − F2) N2.
Therefore, the ellipse of curvature Eα is given by the image of
kn = (kn −H)+H.
The tangent directions for which the normal curvature vector are the axes, or vertices, of the
ellipse of curvature Eα are characterized by the following quartic form given by the Jacobian of
the pair of forms below, the first being quartic and the second quadratic:
Jac(‖kn −H‖2, Iα) = 0,
where
‖kn −H‖2 =
[
e1 du2 + 2 f1 du dv + g1 dv2
E du2 + 2F du dv + G dv2 −
(Eg1 + e1G − 2 f1 F)
2(EG − F2)
]2
+
[
e2 du2 + 2 f2 du dv + g2 dv2
E du2 + 2F du dv + G dv2 −
(Eg2 + e2G − 2 f2 F)
2(EG − F2)
]2
.
Expanding the equation above, it follows that the differential equation for the corresponding
tangent directions, which defines the axial curvature lines, is given by
a4 dv4 + a3 dv3 du + a2 dv2 du2 + a1 dv du3 + a0 du4 = 0, where
a4 = −4F(EG − 2F2)(g21 + g22)+ 4G(EG − 4F2)( f1g1 + f2g2)
+ 8FG2( f 21 + f 22 )+ 4FG2(e1g1 + e2g2)− 4G3(e1 f1 + e2 f2),
a3 = −4E(EG − 4F2)(g21 + g22)− 4G3(e21 + e22)− 32E FG( f1g1 + f2g2)
+ 16EG2( f 21 + f 22 )+ 8EG2(e1g1 + e2g2),
a2 = −12FG2(e21 + e22)+ 12E2 F(g21 + g22)+ 24EG2(e1 f1 + e2 f2)
− 24E2G( f1g1 + f2g2),
a1 = 4E3(g21 + g22)+ 4G(EG − 4F2)(e21 + e22)+ 32E FG(e1 f1 + e2 f2)
− 16E2G( f 21 + f 22 )− 8E2G(e1g1 + e2g2),
a0 = 4F(EG − 2F2)(e21 + e22)− 4E(EG − 4F2)(e1 f1 + e2 f2)
− 8E2 F( f 21 + f 22 )− 4E2 F(e1g1 + e2g2)+ 4E3( f1g1 + f2g2).
(2.1)
Lemma 2.1. The following relations hold
Ea2 = −6Ga0 + 3Fa1,
E2a3 = (4F2 − EG)a1 − 8FGa0,
E3a4 = G(EG − 4F2)a0 + F(2F2 − EG)a1.
(2.2)
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Proof. Combining and simplifying the expressions above for ai , i = 0, . . . , 4, it can be verified
that the following relations hold
Ea2 = −6Ga0 + 3Fa1, 3Ea3 = −3Ga1 + 4Fa2, 6Ea4 = −Ga2 + 3Fa3.
Further substitution leads to the result. ¤
We have established the following proposition.
Proposition 2.1. Letα : M2 → R4 be a Cr immersion of a smooth and oriented surface. Denote
the first fundamental form by Iα = E du2 + 2F du dv + G dv2 and the second fundamental
form by
II α = (e1 du2 + 2 f1 du dv + g1 dv2)N1 + (e2 du2 + 2 f2 du dv + g2 dv2)N2,
where {N1, N2} is an orthonormal frame.
i) The differential equation of axial curvature lines is given by
[a0G(EG − 4F2)+ a1 F(2F2 − EG)] dv4
+ [−8a0 E FG + a1 E(4F2 − EG)] dv3 du
+ [−6a0G E2 + 3a1 F E2] dv2 du2
+ a1 E3 dv du3 + a0 E3 du4 = 0, where
a1 = 4G(EG − 4F2)(e21 + e22)+ 32E FG(e1 f1 + e2 f2)+ 4E3(g21 + g22)
− 8E2G(e1g1 + e2g2)− 16E2G( f 21 + f 22 ),
a0 = 4F(EG − 2F2)(e21 + e22)− 4E(EG − 4F2)(e1 f1 + e2 f2)
− 8E2 F( f 21 + f 22 )− 4E2 F(e1g1 + e2g2)+ 4E3( f1g1 + f2g2).
(2.3)
ii) The axiumbilic points of α are given by a0 = a1 = 0.
Remark 2.1. The last expression for the differential equation shows that when the (u, v) coor-
dinates are isothermic, i.e., E = G and F = 0, it holds that
a1 = −a3 = E3
[
e21 + e22 + g21 + g22 − 4( f 21 + f 22 )− 2(e1g1 + e2g2)
]
,
a0 = a4 = −a2/6 = 4E3
[ f1g1 + f2g2 − (e1 f1 + e2 f2)],
and the differential equation reduces to
a0(dv4 − 6 du2 dv2 + du4)+ a1(du2 − dv2) du dv = 0.
This expression is in agreement with [8], which gives it in terms of the functions a = 14 a0
and b = a1.
Proposition 2.2. Suppose that that the image of the surface M2 by α is contained into R3 with
e2 = f2 = g2 = 0. Then the differential equation (2.3) is the product of the differential equation
of its principal curvature lines and the differential equation of its mean curvature lines, i.e., the
quartic differential equation (2.3) is given by
Jac(II α, Iα) · Jac
(
Jac(II α, Iα), Iα
) = 0. (2.4)
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Proof. From the differential equation (2.3) it is obtained
a4 = −4F(EG − 2F2)g21 + 4G(EG − 4F2) f1g1 + 8FG2 f 21 + 4FG2e1g1 − 4G3e1 f1,
a3 = −4E(EG − 4F2)g21 − 4G3e21 − 32E FG f1g1 + 16EG2 f 21 + 8EG2e1g1,
a2 = −12FG2e21 + 12E2 Fg21 + 24EG2e1 f1 − 24E2G f1g1,
a1 = 4E3g21 + 4G(EG − 4F2)e21 + 32E FGe1 f1 − 16E2G f 21 − 8E2Ge1g1,
a0 = 4F(EG − 2F2)e21 − 4E(EG − 4F2)e1 f1 − 8E2 F f 21 − 4E2 Fe1g1 + 4E3 f1g1.
Therefore the quartic differential equation
a4 dv4 + a3 dv3 du + a2 du2 dv2 + a1 dv du3 + a0 du4 = 0
can be factored as the product of two quadratic forms[
(E f1 − Fe1) du2 + (Eg1 − e1G) du dv + (Fg1 − f1G) dv2
]
,{[
e1(EG − 2F2)+ 2E F f1 − E2g1
]
du2 + (4 f1 EG − 2E Fg1 − 2FGe1) du dv
+ (g1(EG − 2F2)+ 2 f1 FG − e1G2) dv2
}
.
The second quadratic differential equation above is given by the equivalent quadratic form
e1 du2 + 2 f1 du dv + g1 dv2
E du2 + 2F du dv + G dv2 −
1
2
Eg1 + e1G − 2F f1
EG − F2 = 0.
The equation above is also equivalent to Jac(Jac(II a, Iα), Iα) = 0. ¤
Remark 2.2. As τg = ±
√
H2 −K is the extremal value of the geodesic torsion τg in a mean
curvature direction, the mean curvature lines are also curves of maximal (minimal) geodesic
torsion. In a minimal surface they coincide with the asymptotic lines, [15].
3. Differential equations of lines of axial curvature in Monge charts
Take a surface in Monge form
z = R(x, y), w = S(x, y).
The tangent plane at the point over (x, y) is generated by {t1, t2}, where t1 = (1, 0, Rx , Sx) and
t2 = (0, 1, Ry, Sy). The normal plane is generated by {N˜1, N˜2}, where N˜1 = (−Rx ,−Ry, 1, 0)
and N˜2 = t1 ∧ t2 ∧ N˜1. Here ∧ means the exterior of three vectors in R4 and is defined by the
equation det(t1, t2, N˜1, v) = 〈N˜2, v〉, v ∈ R4. Calculation leads to
N˜2 =
(−Sx(1+ R2y)+ Rx Ry Sy,−Sy(1+ R2x)+ Rx Ry Sx ,−Sx Rx − Ry Sy, 1+ R2x + R2y).
Consider also the vectors t11 = (0, 0, Rxx , Sxx), t12 = (0, 0, Rxy, Sxy), t22 = (0, 0, Ryy, Syy).
Therefore the coefficients of the first fundamental form are given by
E = 〈t1, t1〉, F = 〈t1, t2〉, G = 〈t2, t2〉.
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Also, those of second fundamental form are
e1 = 〈t11, N1〉, f1 = 〈t12, N1〉, g1 = 〈t22, N1〉;
e2 = 〈t11, N2〉, f2 = 〈t12, N2〉, g2 = 〈t22, N2〉
where N1 = N˜1/|N˜1| and N2 = N˜2/|N˜2|.
Write
R(x, y) = 12r20x2 + r11xy + 12r02 y2
+ 16 ax3 + 12 dx2 y + 12 bxy2 + 16 cy3 + higher order terms,
S(x, y) = 12 s20x2 + s11xy + 12 s02 y2
+ 16 Ax3 + 12 Dx2 y + 12 Bxy2 + 16 Cy3 + higher order terms.
(3.1)
Direct calculation shows that
e1 = r20 + ax + dy + O(2), e2 = s20 + Ax + Dy + O(2),
f1 = r11 + dx + by + O(2), f2 = s11 + Dx + By + O(2),
g1 = r02 + bx + cy + O(2), g2 = s02 + Bx + Cy + O(2),
E = 1+ O(2), F = O(2), G = 1+ O(2).
(3.2)
From the differential equation (2.3) the condition for (0, 0) to be an axiumbilic point is that
r11(r20 − r02)+ s11(s20 − s02) = 0 and
4(r211 + s211)− (r20 − r02)2 − (s20 − s02)2 = 0.
(3.3)
If 0 is an axiumbilic point, then the differential equation of lines of axial curvature is given by
(a¯0 + A0)(dy4 − 6 dy2 dx2 + dx4)+ (a¯1 + A1) dx dy(dx2 − dy2) = 0, (3.4)
where a¯0(x, y) = c¯x + d¯ y and a¯1(x, y) = a¯x + b¯y
c¯ = 4d(r02 − r20)+ 4(b − a)r11 + 4(B + D − A)s11,
d¯ = 4b(r02 − r20)+ 4(c − d)r11 + 4(B + D)(s02 − s20)+ 4Cr11,
a¯ = 4(b − a)(r02 − r20)− 32dr11 + 8(B + D − A)(s02 − s20),
b¯ = 8(c − d)(r02 − r20)− 32br11 + 8C(s02 − s20)− 32(B + D)s11.
(3.5)
In the differential equation (3.4) the functions A0 and A1 are of type O(2), that is
∂A0
∂x
(0, 0) = ∂A1
∂x
(0, 0) = ∂A0
∂y
(0, 0) = ∂A1
∂y
(0, 0) = 0.
Define: a˜ = a¯d¯ − b¯c¯ 6= 0, b˜ = a¯+ d¯, c˜ = b¯+ c¯, extensive calculation (confirmed by algebraic
computer manipulators), shows that these expressions are invariant under positive rotations on
the tangent and normal frames. By appropriate choice on the rotation in the plane {x, y} and
a homotety in R4, it is possible to make c¯ = 0 and, when a˜ 6= 0, also d¯ = 1. So, dropping the
bar in the coefficients, the differential equation (3.4) reduces to
[y + O(2)](dy4 − 6 dy2 dx2 + dx4)+ [ax + by + O(2)] dx dy(dx2 − dy2) = 0,
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provided the invariant a˜ doesn’t vanish. This last condition amounts to the transversality of the
curves a0 = 0, a1 = 0. Axiumbilics satisfying it will be referred to as transversal axiumbilic
points. Therefore, the proposition below is established.
Proposition 3.1. Let p be a transversal axiumbilic point (a˜ 6= 0), then there exists a Monge
chart (x, y) and a homotety inR4 such that the differential equation of the lines of axial curvature
is given by
[y + O(2)](dy4 − 6 dy2 dx2 + dx4)+ [ax + by + O(2)] dx dy(dx2 − dy2) = 0, (3.5)
where a and b are expressed in terms of the third jet of the surface at p and O(2) means terms
of higher order.
Remark 3.1. Taking into account the invariants a˜, b˜ and c˜ the coefficients a and b of (3.5) can
be evaluated directly in any Monge chart. Notice also that in (3.5) a and b are not the coefficients
of j3 R(0) given in (3.1).
4. Axial configurations near axiumbilic points on surfaces of R4
In this section it will be established the qualitative behavior of the axial configurations Pα and
Qα in a neighborhood of an axiumbilic point in terms of the parameters (a, b) in equation (3.5).
Let
1(a, b) = (a + 1)2[I 3 − 27J 2], where
I = 2a( 124 a + 1)+ 4+ 14 b2 and
J = − 23 a
[( 1
6 a + 1
)(
1− 124
)
a + 116 b2
]
.
(4.1)
Theorem 4.1. Consider a transversal axiumbilic point, for which a 6= 0. Then the following
holds: i) If 1(a, b) < 0, then the axial configurations Pα and Qα are of type E3, with three
axiumbilic separatrices, as shown in Fig. 1a.
ii) If 1(a, b) > 0 and a < 0, then the axial configurations Pα and Qα are of type E4, with
four axiumbilic separatrices and one parabolic sector, as shown in Fig. 1b.
iii) If 1(a, b) > 0, a > 0, then the axial configurations Pα and Qα are of type E5, with five
axiumbilic separatrices, as shown in Fig. 1c.
Fig. 1a. Axial configurations near a point E3
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Fig. 1b. Axial configurations near a point E4
Fig. 1c. Axial configurations near a point E5
Proof. Under the conditions above, a 6= 0, the implicit surface
G(x, y, p) = y(p4 − 6p2 + 1)+ (ax + by)p(1− p2)+ H(x, y, p),
p = dy/dx,
is regular of class Cr−2 in a neighborhood of the axis p, which represents the projective line. In
fact, ∂G/∂x(0, 0, p) = ap(1 − p2) and ∂G/∂y(0, 0, p) = (p4 − 6p2 + 1) + bp(1 − p2) and
the equations ∂G/∂x(0, 0, p) = ∂G/∂y(0, 0, p) = 0 have no common solution in p. Therefore
by the Implicit Function Theorem G−1(0) is a regular surface around the projective line.
Now consider the Lie–Cartan line field defined, in the coordinates (x, y, p), by the vector
field X , which is of class Cr−3
X = Gp ∂
∂x
+ pGp ∂
∂y
− (Gx + pGy) ∂
∂p
.
The singular points of X located on the projective line are given by
P(p) = pR(p) = p[(p4 − 6p2 + 1)+ (1− p2)(a + bp)] = 0.
Consider the polynomial R(p) = (p4−6p2+1)+(1− p2)(a+bp) and compute its discriminant
1R in terms of the resultant Res(R, R′)
1R = Res(R, R′) = (a − 1)2
[
16a5 + (4b2 + 272)a4 + (2304+ 16b2)a3
− 8(b2 + 16)(b2 − 80)a2 + 96(b2 + 16)2a + 4(b2 + 16)3].
Notice that 1R = 1(a, b) is given by equation (4.1). It holds that R(±1) = −4 and
limp→±∞ R(p) = ∞. Therefore R has always two real roots, one bigger than +1 and other
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smaller than −1. Therefore, for any pair (a, b) with 1(a, b) 6= 0, the polynomial R has either
four real simple roots in the case 1R > 0 or two real simple roots in the case 1R < 0. This
follows from the more general fact about quartic polynomials, [2, Ch. VI, p. 145] formulated
here as a Lemma.
Lemma 4.1. Let R be a quartic real polynomial and 1R its discriminant. Then the equation
1R = 0 gives the coefficients for which multiple roots arise. Furthermore,
i) If 1R < 0, R has two real simple and two complex conjugate roots;
ii) If 1R > 0, R has either four real simple roots or all the roots have non-zero imaginary
parts.
The linear part of X at a singular point (0, 0, p) is given by
DX (0, 0, p) =
( a(1− 3p2) 4p3 + b(1− 3p2)− 12p 0
a(1− 3p2)p p[4p3 + b(1− 3p2)− 12p] 0
∗ ∗ −P ′(p)
)
.
The eigenvalues of DX (0, 0, p) are given by
λ1(p) = a(1− 3p2)+ p[4p3 + b(1− 3p2)− 12p],
λ2(p) = −P ′(p) and λ3 = 0.
Now observe that the value of λ1(p) at a root p of R is given by (p2+ 1)3/(p2− 1). In fact,
writing R = 0 as a = ((6p2 − p4 − 1) + bp(p2 − 1))/(1 − p2) and substituting into λ1, the
result follows from algebraic simplification. Therefore, at each singular point of X ,
det
(
DX |{G=0}(0, 0, p)
) = λ2(p)λ1(p) = P ′(p)(p2 + 1)3/(p2 − 1), p 6= 0;
det
(
DX |{G=0}(0, 0, 0)
) = −a(a + 1).
The possibilities for the real roots of P and their implications on the types of singularities of X
are listed below:
i) Three real roots p1 < −1 < p0 = 0 < 1 < p2, which occurs when1(a, b) < 0, implying
that all singular points of X are hyperbolic saddles. In this case a < −1 since R(0) = a+1 < 0.
ii) Five real roots p1 < −1 < p2 < p0 = 0 < p3 < 1 < p4, which occurs when
1(a, b) > 0, implying for X that all singular points are hyperbolic saddles, in the case a > 0,
and that there are four hyperbolic saddles and −1 < a < 0. In this case p = 0 is a node. In the
next two cases that follows, it is a saddle.
iii) Five real roots p1 < −1 < p2 < p3 < p0 = 0 < 1 < p4, which occurs when
1(a, b) > 0 and a < −1, implying for X that only p3 is a hyperbolic node and all the other
singular points are hyperbolic saddles.
iv) Five real roots p1 < −1 < p0 = 0 < p2 < p3 < 1 < p4, which occurs when
1(a, b) > 0 and a < −1, implying for X that only p2 is a hyperbolic node and all the other
singular points are hyperbolic saddles.
The classification above follows from the analysis discriminating the saddle from the node
among the hyperbolic singularities in terms of the sign of det(DX |{G=0}(0, 0, pi )). The axium-
bilic separatrices are the projections of the saddle separatrices of X |{G=0}. Direct calculation
shows that in the chart (u, v, du/dv = q) the Lie–Cartan line field is regular in a neighborhood
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of (0, 0, 0). The behavior of X |{G=0} near the projective line is as shown in the picture below.
This ends the proof. ¤
E3 E4 E5
Fig. 2. Behavior of X |{G=0} near the projective line
Remark 4.1. The theorem above was proved for smooth surfaces, using isothermic coordinates,
in [8]. The authors believe that the above self sufficient, independent proof, is more explicit and
neat. The use of Monge coordinates makes it more elementary and allows to check its hypothesis
by simpler calculations.
Theorem 4.2. Let p be an axiumbilic point of an immersion α ∈Mk , k > 4. Then α is locally
principal and mean axial stable at p if only if p is one of the types E3, E4 or E5 shown in
Fig. 1a, 1b and 1c.
Proof. The construction of the homeomorphism is done using the method of canonical regions,
[10], also outlined in global setting in Section 6.
The conditions which characterize the axiumbilic points of types Ei , i = 1, 2, 3, and their
axial configuration (Theorem 4.1), are semialgebraic in the space of coefficients of the third
jet of α at p. These conditions amount to the hyperbolicity of singularities of vector fields on
surfaces. It is easy to see that the violation of any of them implies in a qualitative change by a
small perturbation in the coefficients.
For instance, if a = 0, in general, the axiumbilic splits into two (E5 and E4) or disappears.
Also, if 1(a, b) = 0 and a 6= 0 the type changes into E3 or E4. This ends the proof. ¤
5. Axial cycles on surfaces immersed in R4
In terms of geometric invariants, here is established the formula of the first derivative of the
return map of a periodic line of axial curvature, called axial cycle. Recall that the return map
associated to a cycle is a local diffeomorphism with a fixed point, defined on a cross section
normal to the cycle by following the integral curves through this section until they meet again
the section. This map is called holonomy in foliation theory and Poincare´ map in dynamical
systems.
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An axial cycle is called hyperbolic if the first derivative of the return map at the fixed
point is different from one. The characterization of hyperbolicity of axial cycles is given in
Proposition 5.1 of this section.
Lemma 5.1. Let c : I → M2 be an axial cycle parametrized by arc lenght s. Then an ortho-
normal positive Darboux frame {T1, T2, N1, N2}, where T1(s) = c′(s), {N1, N2} is an ortho-
normal frame of the normal bundle associated to ellipse of curvature and N2 = T1 ∧ T2 ∧ N1
verifies the following equations:
T ′1 = kgT2 + (h1 + k1)N1 + h2 N2,
T ′2 = −kgT1 + τg,1 N1 + τg,2 N2,
N ′1 = −(h1 + k1)T1 − τg,1T2 + τn N2,
N ′2 = −h2T1 − τg,2T2 − τn N1.
(5.1)
Here, H = h1 N1 + h2 N2 is the mean curvature vector, τg = τg,1 N1 + τg,2 N2 is the geodesic
torsion vector, kn − H = k1 N1, k1 > 0, is the principal axis of the ellipse of curvature and
τn = 〈N ′1, N2〉 is the normal torsion of the frame {N1, N2}.
Proof. The result follows by direct differentiation of the equations 〈Ti , Nj 〉 = 0, 〈Ti , Tj 〉 = δi j
and 〈Ni , Nj 〉 = δi j , i, j = 1, 2. ¤
Remark 5.1. An axial cycle c of a principal or mean axial configuration is not necessarialy
a simple regular curve; it can be immersed with transversal crossings. Recall that each axial
configuration is a net consisting of orthogonal curves and umbilic points.
The next lemma shows that τg,1(s) = 0 for a line of axial curvature.
Lemma 5.2. Let c be an axial cycle, of the axial configuration Pα, parametrized by arc lenght s
and of lenght L , and the orthonormal positive Darboux frame {T1, T2, N1, N2} along c. Then
the expression
α(s, v) = c(s)+ vT2(s)+
[ 1
2(h1 − k1)v2 + a(s, v) 16v3
]
N1(s)
+ [ 12 h2v2 + b(s, v) 16v3]N2(s) (5.2)
where a(s, 0) = A(s), b(s, 0) = B(s) and τg,1(s) = 0, defines a local chart, L periodic in s, of
class Ck−5 in a neighborhood of c. Moreover, [k21 − τ 2g,2] is the difference between the square
of the two axis of the ellipse of curvature Eα.
Proof. The assertion about the chart (s, v) follows from the Inverse Function Theorem applied
to the map α(s, v, w1, w2) = c(s)+ vT2(s)+w1 N1(s)+w2 N2(s), which is of class Ck−1 and
defines a tubular neighborhood of c.
At the point c(s), the intersection of the surface with the hyperplane generated by {T2, N1, N2}
is a curve 0s tangent to T2 of class Ck−1. Then the curve 0s can be parametrized by v 7→
W1(s, v)N1(s)+W2(s, v)N2(s) and its curvature is kn(c(s), T2(s)). Now, as the function kn(p) :
TpM → NpM, defined by kn(p, u) = II α(p)(u, u)/Iα(p)(u, u), is a twice covering map it
follows that kn(c(s), T2) = (h1 − k1)N1 + h2 N2. So, applying Hadamard’s Lemma to the
functions W1 and W2 the local chart is obtained as stated.
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Next it will be proved that τg,1(s) = 0 for an axial line of curvature. Differentiation of the
equation (5.2), evaluated at (s, 0) gives that
E(s, 0) = 1, F(s, 0) = 0, G(s, 0) = 1,
e1(s, 0) = h1 + k1, f1(s, 0) = τg,1, g1(s, 0) = h1 − k1,
e2(s, 0) = h2, f2(s, 0) = τg,2, g2(s, 0) = h2.
(5.3)
Now, by the differential equation (2.3) of lines of axial curvature, the curve {v = 0} is a line of
axial curvature if a0(s, 0) = 0 and a1(s, 0) 6= 0. Substituting (5.3) in a0 given by (2.3) it follows
that α0(s, 0) = −8k1τg,1. As k1 is the principal axis of the ellipse of curvature Eα it follows
that τg,1 = 0. Also, using (5.3) and evaluating a1, it results that a1(s, 0) = 16[k21 − τ 2g,2]. In
a direction T = cos θT1 + sin θT2, kn(c(s), T ) = [e1 cos2 θ + 2 f1 cos θ sin θ + g1 sin2 θ ]N1 +
[e2 cos2 θ + 2 f2 cos θ sin θ + g2 sin2 θ ]N2. So, it follows that kn(c(s), θ) = kn(c(s), T ) =
[h1 + τg,1 sin 2θ + k1 cos 2θ ]N1 + [h2 + τg,2 sin 2θ ]N2.
The normal curvature in the direction of the other axis of the ellipse of curvature is kn(pi/4) =
(h1 + τg,1)N1 + (h2 + τg,2)N2. Therefore τg,2 is the other axis of the curvature ellipse Eα. This
allows the interpretation of the coefficient a1(s, 0)/16 = [k21 − τ 2g,2] of the differential equation
of lines of axial curvature, (2.3), as the difference between the square of the two axis of the
ellipse of curvature. ¤
Remark 5.2. The local chart (s, v) defined by (5.2) is similar to that of [10] for principal cycles
on surfaces immersed in R3.
Lemma 5.3. Let c be an axial line of curvature and consider the chart (s, v) given in (5.2).
Then the orthonormal frame {N1, N2} of the normal bundle satisfies the following equations:
∂N1
∂v
(s, 0) = −(h1 − k1)T2(s)+ q2 N2(s),
∂N2
∂v
(s, 0) = −τg,2T1(s)− h2T2(s)− q2 N1(s)
(5.4)
where q2(s) = 〈∂N1/∂v(s, 0), N2(s)〉 is the normal torsion of the axial line of curvature or-
thogonal to c at the point c(s).
Proof. In a chart (u, v) the following relations hold
N1,v = g1 F − f1GEG − F2 αu +
f1 F − g1 E
EG − F2 αv + q2 N2,
N2,v = g2 F − f2GEG − F2 αu +
f2 F − g2 E
EG − F2 αv − q2 N2.
Therefore, using (5.3) and making the substitutions the result follows. ¤
Lemma 5.4. Let c be an axial cycle, then the functions A and B introduced in the chart (s, v)
are given by
A = 2∂h1
∂v
− 2kgk1 + τg,2τn,
B = 2∂h2
∂v
− τ ′g,2 + 2q2h1.
(5.5)
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Proof. Direct calculation, using that τg,1 = 0 and equations (5.2), (5.3) and (5.4), shows that
the following relations hold
Ev(s, 0) = −2kg, Fv(s, 0) = 0, Gv(s, 0) = 0, (5.6)
e1,v(s, 0) = −2kgh1 − τg,2τn + h2q2,
e2,v(s, 0) = −2kgh2 + τ ′g,2 − (h1 + q1)q2,
f1,v(s, 0) = (h1 − k1)′ − τnh2 + q2τg,2,
f2,v(s, 0) = (h1 − k1)τn + h′2 + kgτg,2,
g1,v(s, 0) = A + h2q2,
g2,v(s, 0) = B − q2(h1 − k1).
(5.7)
In the coordinates (s, v) the mean curvature vector H is given by
H(s, v) = h1(s, v)N1(s, v)+ h2(s, v)N2(s, v),
where hi = (Egi + Gei − 2F fi )/(2(EG − F2)), i = 1, 2. Therefore, differentiating h1 and
h2, using (5.6) and (5.7), the result follows. ¤
Proposition 5.1. Let c be an axial cycle of the axial configuration Pα, parametrized by arc
lenght s and of lenght L. Then the derivative of the first return map, denoted by pi , is given by
lnpi ′(0) = −1
2
∫ L
0
[−k1h′1 + τg,2(∂h2/∂v)
k21 − τ 2g,2
+ h2k1τn + q2h1τg,2
k21 − τ 2g,2
]
ds. (5.8)
Proof. As {v = 0} is an axial cycle it follows that f1(s, 0) = τg,1 = 0. Direct calculation gives
that the derivative of the Poincare´ map satisfies the following linear differential equation:
d
ds
(
dv
dv0
)
= − 1
a1
∂a0
∂v
· dv
dv0
. (5.9)
From the expression of a0, (2.3), using (5.2) and (5.4), it follows that
∂a0
∂v
(s, 0) = 4 f1 Ev(3g1 − 2e1)+ 4 f2 Ev(3g2 − 2e2)+ 4(g1 − e1)∂ f1
∂v
+ 4 f1
(
∂g1
∂v
− ∂e1
∂v
)
+ 4(g2 − e2)∂ f2
∂v
+ 4 f2
(
∂g2
∂v
− ∂e2
∂v
)
.
Now, using (5.5), (5.6) and (5.7), it follows that
∂a0
∂v
= 8τg,2
[
∂h2
∂v
+ q2h1 − τ ′g,2
]
+ 8k1
[
τnh2 + k ′1 − h′1
]
. (5.10)
Therefore using that a1(s, 0) = 16[k21 − τ 2g,2] it follows that
∂a0
∂v
a1
=
−k1h′1 + τg,2
∂h2
∂v
2(k21 − τ 2g,2)
+ k1τnh2 + τg,2q2h1
2(k21 − τ 2g,2)
+ 1
4
d
[
ln(k21 − τ 2g,2)
]
.
Using the expression above and performing the integration of the linear differential equa-
tion (5.9) ends the proof. ¤
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Remark 5.3. In the Proposition 5.1 it was assumed that c is an axial cycle of the axial configu-
ration Pα. The corresponding formula for the first derivative of the first return map is the same
when c is a cycle of the mean configuration Qα.
Corollary 5.1. Let c be a cycle of Pα such that α(M2) ⊂ R3 parametrized by arc lenght s and
of total lenght L. Then the derivative of the first return map is given by
lnpi ′(0) = 1
2
∫ L
0
h′1
k1
ds = 1
2
∫ L
0
dH√
H2 −K
. (5.11)
Here h1 = H is the mean curvature and K is the Gaussian curvature.
Proof. As α(M2) ⊂ R3 and c is a principal curvature line it follows that τg,1 = τg,2 = τn =
q2 = 0. By the equation (5.8) of the derivative of the return map the result follows observing
that k1 is one half of the difference between the principal curvatures and so k1 =
√
H2 −K. ¤
Corollary 5.2. Let c be an axial cycle of the axial configuration Qα such that α(M2) ⊂ R3
parametrized by arc lenght s and of total lenght L. Then the derivative of the first return map
is given by
lnpi ′(0) = 1
2
∫ L
0
(h2)v
τg,2
ds = 1
2
∫ L
0
Hv√
H2 −K
ds. (5.12)
Here h2 = H is the mean curvature and K is the Gaussian curvature.
Proof. As α(M2) ⊂ R3 and c is a mean curvature line it follows that k1 = τg,1 = τn = q2 = 0
and τg,2 is one half of the difference between the principal curvatures. From the expression (5.8)
for derivative of the first return map the result follows. ¤
Remark 5.4. The formula obtained in the Corollary 5.1 (resp. Corollary 5.2) agrees with that
of [10, 11], for principal curvature lines, (resp. with that of [7], for mean curvature lines).
Notice also that the sign in integral expressions (5.11) and (5.12) depend of on the orientation
on M and on the cycle.
The proof of next statement follows from standard perturbation analysis [11].
Theorem 5.1. Let c be an axial cycle of an immersion α. Then c is locally axial stable if and
only if it is hyperbolic.
6. Axial structural stability
Let M2 be a compact, smooth and oriented surface. Denote by Mk be the space of Ck
immersions of M2 into the euclidean space R4, endowed with the Ck topology. Consider the
subsets Pk (resp. Qk) of immersions α defined by the following conditions:
a) all axiumbilic points are of types: E3, E4 or E5, Section 4;
b) all principal (resp. mean) axial cycles are hyperbolic, Section 5;
c) the limit set of every axial line of curvature is contained in the set of axiumbilic points
and principal (resp. mean) axial cycles of α;
268 R. Garcia, J. Sotomayor
d) all axiumbilic separatrices are associated to a single axiumbilic point; this means that
there are no connections or self connections of axiumbilc separatrices, Section 4.
Theorem 6.1. Let k > 5. The following holds:
i) The subsets Pk and Qk are open in Mk ;
ii) Every α ∈ Pk is principal axial stable;
iii) Every α ∈ Qk is mean axial stable.
Outline of proof. On the tangent projective bundle PM2 = {T M2\0}/{v = rw, r 6= 0} of M2,
consider the submanifold {Gα = 0} defined by the axial directions. In coordinates (u, v; p =
dv/du), this surface is defined by the implicit differential equation (2.3). The submanifold
{Gα = 0} is regular, under the axiumbilic hypothesis. The restriction of the projection pi :
PM2 → M2 to {Gα = 0} is a four-fold covering outside the preimage of the axiumbilic set Uα.
The surface {Gα = 0} is the union of two regular surfaces Pα and Qα with common boundary
along pi−1(Uα). These surfaces consist on the liftings to PM of the the crossings Xα and Yα.
The restriction of pi to Pα (resp. Qα) will be denoted by piPα (resp. piQα ). Therefore piPα (resp.
piQα ) is a double regular covering outside pi−1(Uα).
On PM2 is defined the involution I (u, v, [du : dv]) = (u, v, [dv : −du]) which amounts to
a rotation of lines by an angle pi/2. The surfaces Pα and Qα are invariant under I . The restriction
of I to them will be denoted by IPα and IQα .
On {Gα = 0} the lifting of the crossings Xα and Yα define a single line field Lα on
{Gα = 0}\pi−1(Uα). In a local chart (u, v, p) this line field is defined by the Lie–Cartan vector
field Xα = (Gα)p(∂/∂u)+ p(Gα)p(∂/∂v)−
(
(Gα)u + p(Gα)v
)
(∂/∂p) and has a unique regular
extension to pi−1(Uα).
Considering the induced line field (IPα )∗Xα (resp. (IQα )∗Xα), it is obtained a transversal
pair {Xα, (IPα )∗Xα} on Pα\pi−1(Uα) (resp. {Xα, (IQα )∗Xα} on Qα\pi−1(Uα)). This procedure
defines a net outside pi−1(Uα) on Pα (resp. Qα). This net is invariant under I and by pi projects
to the integral nets of Pα (resp. Qα).
At this point one should acknowledge the similarity of the structure on Pα with the situation
of two principal line fields and their canonical regions, dealt with in [10, 11]. In fact, here
the construction and continuation to a small neighborhood V(α) of α of canonical regions
follow also from the openness and unique continuation, for β near α, of singularities (and their
separatrices and parabolic sectors) and of cycles (and their local invariant manifolds) due to the
hyperbolicity of these elements in the fields of the pair {Xα, (IPα )∗Xα}. This leads to the openness
of Pk and gives uniquely a correspondence between axiumbilics, separatrices, cycles and their
intersections for {Xα, (IPα )∗Xα} and {Xβ, (IPβ )∗Xβ}. The extension of this correspondence so as
to define a topological equivalence H : Pα → Pβ between {Xα, (IPα )∗Xα} and {Xβ, (IPβ )∗Xβ}
which commutes with the involution I and gives, by projection, a topological equivalence
h : M2 → M2 between Pα = {Xα,Uα} and Pβ = {Xβ,Uα} is carried out as in the case of nets
of asymptotic lines on surfaces immersed in R3, [6].
Similar considerations hold for the mean axial stability. ¤
Remark 6.1. It can be proved, by transversality methods, that conditions a), b) and d) are
dense in the Ck topology. However, the density of condition c) presents new difficulties (yet
unsolved) related to the “Closing Lemma” for nets. In [11] and [7], this has been proved for the
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C2 topology, for principal and mean curvature nets on surfaces in R3. In these cases the nets
actually split into pairs of singular foliations. This simplification does not hold in general for
the nets considered in this paper. See Fig. 1. In a forthcoming paper we will prove that every
compact oriented surface M2 admits immersions into R4 which are simultaneously principal
and mean curvature axial stable.
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